Introduction
In [5] G. G. Gould introduced a type of integral of a bounded, real valued function with respect to a finitely additive set function taking values in a Banach space, integral which is more general that the Lebesgue one. Recently, A. Precupanu and A. Croitoru gave the generalization, defining in [7] and [8] a Gould type integral for multimeasures with values in P kc (X), X being a real Banach space.
On the other hand, in the last years, the non-additive case received a special attention because of its applications in mathematical economics, decision theory and artificial intelligence, statistics, theory of games and many other fields. As it is well-known, various examples of non-additive set functions were used for a long time in analysis. For instance, Choquet introduced the formal concept of
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We denote |M | = h(M, {0}), for every M ∈ P 0 (X), where 0 is the origin of X.
Ò Ø ÓÒ 1.1º
I) A partition of T is a finite family P = {A i } i=1,n ⊂ A such that A i ∩A j = ∅,
II) Let P = {A i } i=1,n and P = {B j } j=1,m be two partitions of T . P is said to be finer than P (denoted by P ≤ P (or P ≥ P )) if for every j = 1, m, there exists i j = 1, n so that B j ⊆ A i j .
III) The common refinement of two partitions P = {A i } i=1,n and P = {B j } j=1,m is the partition
Obviously, P ∧ P ≥ P and P ∧ P ≥ P .
Ò Ø ÓÒ 1.2º Let µ : A → P 0 (X) be a multivalued set function. 2) Evidently, any monotone multimeasure µ : A → P f (X) is, particularly, a multisubmeasure.
If µ : A → P 0 (X) is a multisubmeasure, we consider the following set functions associated to µ: We have observed in [2] that, if µ : A → P f (X) is a multisubmeasure, then µ is a finitely additive set function on A and µ is a submeasure in Drewnowski's sense ( [1] ) on A.
We also note that µ(A) = µ(A), for every A ∈ A. Let µ : A → P f (X) be a multisubmeasure.
Ò Ø ÓÒ 1.4º We say that a property (P) holds µ-almost everywhere (briefly, µ-ae) if the property (P) is valid on T \A, with µ(A) = 0.
Ò Ø ÓÒ 1.9º Let µ, ν : A → P f (X) be two multisubmeasures. µ is said to be: i) absolutely continuous with respect to ν, denoted by µ ν, if ν(A) = {0} implies µ(A) = {0}, for every A ∈ A;
ii) strongly absolutely continuous with respect to ν if for every ε > 0, there exists δ(ε) > 0 so that for every A ∈ A, with ν(A) < δ, we have |µ(A)| < ε.
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The Gould type integral with respect to a multisubmeasure
In this section, without any special assumptions, T will be an abstract nonvoid set, µ : A → P bf (X) a multisubmeasure of finite variation and f : T → R a real valued, bounded function.
,n of T and every
I) f is said to be µ-integrable on T if the net (σ(P )) P ∈(P,≤) is convergent in (P bf (X), h) (where P is the set of all partitions of T and ≤ is the order relation on P given in Definition 1.1.II); its limit is called the integral of f on T with respect to the multisubmeasure µ, denoted by
Consequently, f is µ-integrable on T if and only if there exists a set I ∈ P bf (X) such that for every ε > 0 there exists a partition P ε of T so that for every other partition P = {A i } i=1,n , with P ≥ P ε and every choice of points t i ∈ A i , i = 1, n, we have
If µ(T ) = {0}, then by the monotonicity of µ, σ(P ) = {0}, for every P ∈ P, so, any bounded function f : T → R is µ-integrable on every A ∈ A and A f dµ = {0}.
Our integral, if it exists, is unique and has the following remarkable properties: 
and
supposing the existence of both integrals; 
Then f is µ-integrable on T and, moreover,
dν represents the Gould integral ([5]) of f with respect to the variation of ν, which is a finitely additive set function on A)
.
ii) λf is µ-totally-measurable, for every λ ∈ R;
iii) f 2 and fg are µ-totally-measurable;
with respect to h.
The general Gould type integral with respect to a multisubmeasure
In this section we introduce and study the general Gould type integral of a real valued function with respect to a multisubmeasure. Now, the function may be unbounded and the multisubmeasure may be of finite variation.
We mention that if, for instance, µ is in particular a monotone multimeasure, then our integral reduces to the integral of [8] , which reduces to the Gould integral [5] for the case when, in particular, the multimeasure is a finitely additive set function taking values in a Banach space.
In the sequel, without any special assumptions, T will be an abstract nonvoid set, A an algebra of subsets of T , µ : A → P bf (X) a multisubmeasure and f : T → R a real valued function.
We suppose that the space (
If there is no confusion, we briefly denote
ii) The same as in [8] , we get that if f is µ-totally measurable on T , then
Indeed, by the µ-totally measurability of f on T , we get that for every ε > 0, there exists a partition P ε = {A i } i=0,n of T so that:
Let i 0 = 1, n and x 0 ∈ A i 0 be arbitrary, but fixed. Then for every
Consequently, for every i = 1, n, f is bounded on A i . Now, we have two cases:
Since f is µ-totally measurable on T , then f is µ-totally measurable on C and, the same as for I), we get that f is bounded on
Because in the bounded case, properties iii), vi), x) and xi) of Theorem 2.2 are valid for P kc (X)-valued multisubmeasures, in the sequel, we shall suppose that µ : A → P kc (X). Although there are some results which are valid for P bf (X)-valued multisubmeasures, as we shall see, µ : A → P kc (X) in most results, for instance, Proposition 3.4, Theorem 3.11, Theorem 3.12, Theorem 3.13, Theorem 3.14, Theorem 3.15, Theorem 3.16, Remark 3.17, Theorem 3.18.ii), Theorem 3.22, Theorem 3.24.
f is said to be generalized (briefly, (G))-µ-integrable on T if there exists a set I ∈ P kc (X) such that for every ε > 0, there exists A ε ∈ M(f ) so that for every A ∈ M(f ), with A ⊇ A ε , we have that f is µ-integrable on A and
In this case, we denote
If f is (G)-µ-integrable on T , by Definition 3.3 we get that f is µ-integrable on A∪ A ε ∈ M(f ). Since A∪ A ε ⊇ A and the integral for the bounded case is hereditary, then f is µ-integrable on A.
ii) Now, suppose that T ∈ M(f ).
If f is µ-integrable on T , we immediately get that f is (G)-µ-integrable on T
If f is (G)-µ-integrable on T , then by Definition 3.3, for A = T , we get that
Remark 3.5º
If it exists, the integral is unique. Indeed, if there exist I 1 , I 2 ∈ P kc (X) such that for every ε > 0, there exists A 
Ì ÓÖ Ñ 3.9º If M(f ) = ∅ and f is (G)-µ-integrable on T , then for every α ∈ R, αf is (G)-µ-integrable on T and
T αf dµ = α T f dµ.
Ì ÓÖ Ñ 3.10º If M(f ) = ∅ and f is (G)-µ-integrable on T , then for every
P r o o f. We have observed in [3] that the multivalued set function αµ : A → P kc (X), defined by (αµ)(A) := αµ(A), for every A ∈ A is a multisubmeasure. Further, we continue as in the proof of Theorem 3.9.
In Proposition 3.4.i) we have established that if f is (G)-µ-integrable on T , then f is µ-integrable on every set A ∈ M(f ).
In the sequel, using the ideas of [8, Theorem 3.7] , we shall prove that under a supplementary condition, the converse also holds.
Ì ÓÖ Ñ 3.11º Suppose M(f ) = ∅. Then f is (G)-µ-integrable on T if and only if f is µ-integrable on every set P ∈ M(f ) and
The same on every B ∈ A, if M B (f ) = ∅.
P r o o f. The if part. The µ-integrability of f on every set P ∈ M(f ) follows from Proposition 3.4.i). Since f is (G)-µ-integrable on T , then for every ε > 0, there exists
Let now A ∈ M(f ), with A ∩ A ε = ∅, be arbitrary, but fixed. Then
Consequently, from the bounded case, we have
The only if part uses the same argues as in [8, Theorem 3.7] .
Ì ÓÖ Ñ 3.12º Suppose that for every
P r o o f. Let B ∈ A be arbitrary, but fixed and
Since f is (G)-µ-integrable on T , then by Theorem 3.11, for every ε > 0, there exists T ε ∈ M(f ) so that for every P ∈ M(f ), with P ∩ T ε = ∅, we have that P f dµ < ε (according to Proposition 3.4.i)), f is µ-integrable on every set of
Since f is (G)-µ-integrable on A, then for every ε > 0, there exists
Also, since f is (G)-µ-integrable on B, then for every ε > 0, there exists
Therefore, from the bounded case,
for every ε > 0, which yields
Consequently, A ∩ P ∈ M A (f ) and B ∩ P ∈ M B (f ) and, since f is µ-integrable on A ∩ P and B ∩ P and (A ∩ P ) ∩ (B ∩ P ) = ∅, from the bounded case, we get that f is µ-integrable on C.
Now, we prove that f is (G)-µ-integrable on A ∪ B and
Analogously, since f is (G)-µ-integrable on B, then for every ε > 0, there
On the other hand, since P ∈ M(f ), then A∩S ∈ M A (f ) and B∩S ∈ M B (f ). By Theorems 3.13 and 3.14, we obtain that M is a monotone multimeasure. Further, we prove that the integral M is strongly absolutely continuous with respect to the multisubmeasure µ.
Now, from (3.2) we get that h
A f dµ, A∩S f dµ <THE GENERAL GOULD TYPE INTEGRAL h ⎛ ⎝ P f dµ, A f dµ + B f dµ ⎞ ⎠ = h ⎛ ⎜ ⎝ (A∩S)∪(B∩S) f dµ, A f dµ + B f dµ ⎞ ⎟ ⎠ = h ⎛ ⎝ A∩S f dµ + B∩S f dµ, A f dµ + B f dµ ⎞ ⎠ ≤ h ⎛ ⎝ A f dµ, A∩S f dµ ⎞ ⎠ + h ⎛ ⎝ B f dµ, B∩S f dµ ⎞ ⎠ < ε. Therefore, f is (G)-µ-integrable on A ∪ B and
Ì ÓÖ Ñ 3.15º If for every B ∈ A, M B (f ) = ∅ and f is (G)-µ-integrable on
T , then M is strongly absolutely continuous with respect to µ.
For T ε ∈ M(f ), by the strong absolutely continuity of the integral with respect to the multisubmeasure for the bounded case, there exists δ(ε) > 0 so that for every B ∈ A T ε , with µ(B) < δ, we have
Let C ∈ A, with µ(C) < δ be arbitrarily, but fixed.
Now, since f is (G)-µ-integrable on T , then, by Theorem 3.12, it is (G)-µ-integrable on C\T ε . It means that for every ε > 0, there exists
It means that M is strongly absolutely continuous with respect to µ.
Moreover, if f and g are bounded on T , then
P r o o f. Since f and g are µ-totally measurable on T , then for every B ∈ A,
We prove now that f + g is µ-integrable on every set of M(f + g). Indeed, if C ∈ M(f +g), it means that f +g is bounded on C and µ(C) < ∞. Since in this case f and g are also bounded on C, then C ∈ M(f ) and C ∈ M(g). Since f, g are (G)-µ-integrable, by Proposition 3.4.i) we have that f , g are µ-integrable on C. From the bounded case, we get that f + g is µ-integrable on C. Now, by Theorem 3.15, for every ε > 0, there exists δ(ε) > 0 so that for every B ∈ A, with µ(B) < δ, we have B f dµ < ε 6 and
On the other hand, since f and g are µ-totally measurable on T , then in correspondence with δ there exist P 
Let now
(by Theorem 3.11, we shall get the (G)-µ-integrability of f + g on T ).
Indeed, we observe that
The same as before for f and g, since f + g is µ-totally measurable on
. Then f , g are also bounded on C 1 . We observe that,
We also have from the bounded case that
Also, since
From (3.5) and the above considerations, we get that | and {R l } l=1,u ∈ P C\A n 0 , with {D j } j=1,t ≥ P 0 and {R l } l=1,u ≥ P 0 and for every s j ∈ D j , j = 1, t, θ l ∈ R l , l = 1, u, we have:
Consequently,
that is, (σ(P ), ≤) P ∈P C\A n 0 is a Cauchy, hence a convergent net in the complete metric space (P kc (X), h). Consequently, f is µ-integrable on C\A n 0 .
We prove now that f is µ-integrable on A n 0 ∩ C. (If A n 0 ∩ C = ∅, there is nothing else to prove.) Indeed, we observe that for every ε > 0, there exists P 0 = {A n 0 ∩ C, ∅} ∈ P A n 0 ∩C so that for every other partition P = {T r } r=1,v ∈ P A n 0 ∩C , with P ≥ P 0 and for every θ r ∈ T r , r = 1, v, and every c ∈ A n 0 ∩ C, we have:
We then immediately get that (σ(P ), ≤) P ∈P C∩A n 0 is a Cauchy, hence a convergent net in the complete metric space (P kc (X), h). Consequently, f is µ-integrable on C ∩ A n 0 .
So, from the bounded case, f is µ-integrable on (C\A n 0 ) ∪ (C ∩ A n 0 ) = C, as claimed.
Using the ideas of Satco [9] for multimeasures, we are now able to prove the following:
Ì ÓÖ Ñ 3.22 (Vitali type)º For every n ∈ N, let f n , f : T → R be so that (ii) for every n ∈ N, f n is (G)-µ-integrable on T ;
